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LARGE TIME BEHAVIOR OF THE ON-DIAGONAL HEAT KERNEL FOR
MINIMAL SUBMANIFOLDS WITH POLYNOMIAL VOLUME GROWTH
VICENT GIMENO
ABSTRACT. In this paper we provide a lower bound for the long time on-diagonal heat
kernel of minimal submanifolds in a Cartan-hadamard ambient manifold assuming that
the submanifold is of polynomial volume growth. In particular cases, that lower bound is
related with the number of ends of the submanifold.
1. INTRODUCTION
LetMm be am-dimensional minimally immersed submanifold into a simply connected
ambient manifold Nn with sectional curvatures KN bounded from above by KN ≤ 0. S.
Markvorsen proved in [Mar86] -following [CLY84]- that the heat kernel H of Mm is
bounded from above by the heat kernelHm,0 of the Euclidean space Rm, namely:
(1.1) H(t, x, y) ≤ Hm,0(t, rx(y)) = 1
(4pit)
m
2
e−
(rx(y))
2
4t ,
being rx(y) the distance in N from x to y. In particular for the on-diagonal heat kernel
H(t, x, x) of Mm one can state that
(1.2) (4pit)
m
2 H(t, x, x) ≤ 1.
This paper deals with lower bounds to the on-diagonal heat kernel assuming certain
restriction on the volume growth. In order to define that appropriate behavior on the growth
of the extrinsic volume, recall that given a minimal submanifold Mm properly immersed
in a Cartan-Hadamard manifold N with sectional curvatures KN bounded from above by
KN ≤ 0 and denoting by ωm the volume of a radius one geodesic ball in Rm and by
BNR (p) the geodesic ball in N of radius R centered at p, by the monotonicity formula (see
for instance [MP12, theorem 2.6.9] and [Pal99]) for any point p ∈Mm the function
(1.3) Q(R) = Vol(M
m ∩BNR (p))
ωmRm
,
is a non decreasing function. Throughout this paper a complete minimal submanifold prop-
erly immersed in a Cartan-hadamard ambient manifold is called a minimal submanifold of
polynomial volume growth if there exists a constant E depending on Mm such that:
(1.4) lim
R→∞
Q(R) ≤ E <∞.
Under such volume growth behavior we can state the behavior of the long time asymptotic
for the on-diagonal heat kernel by the main theorem of this paper. The main theorem makes
use of the following constant Cm depending only on the dimension m of the submanifold
(1.5) Cm :=
Γ
(
m
2 , 2
(
m
2 Γ
(
m
2
)) 2
m
)
Γ(m2 )
,
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FIGURE 1. The catenoid, the Costa surface and the Scherk singly pe-
riodic surface are examples of minimal surfaces immersed in R3 with
polynomial volume growth which is equivalent to quadratic area growth
when the submanifold is a surface.
where Γ(z) and Γ(z1, z2) in the above expression denote the gamma function and the
incomplete gamma function respectively, i.e,
Γ(z) :=
∫ ∞
0
tz−1e−tdt.
Γ(z1, z2) :=
∫ ∞
z2
tz1−1e−tdt.
For minimal submanifolds with an extrinsic volume growth controlled by the above con-
stant Cm we can state the main result of this paper:
Main Theorem. Let Mm be a complete m-dimensional submanifold properly immersed
in a simply connected ambient manifold N with sectional curvatures KN bounded from
above by KN ≤ 0. Suppose that Mm is of polynomial volume growth, and that
(1.6) E < 1
Cm
,
Then, the heat kernelH of Mm satisfies
(1.7)
(1− ECm)2
E ≤ lim supt→∞ (4pit)
m
2 H(t, x, x) ≤ 1.
It is not hard to find examples of complete minimal submanifolds properly and mini-
mally immersed in a Cartan-Hadamard ambient manifold with polynomial volume growth.
Indeed, for a complete minimal surface embedded in R3, by a well known result (see
[Oss86, JM83] and introduction in [GP13]), if the surface has finite total curvature then the
surface has polynomial volume growth (quadratic area growth) and the constant E given in
equation (1.4) is equal to the number of ends of the surface. This is the case of the catenoid
or the Costa surface (with E = 2 for the catenoid and E = 3 for the Costa surface). It
is also known that there exist other surfaces with quadratic area growth but without finite
total curvature and even without finite topological type. An example of that kind of surface
is the Scherk singly periodic surface (see introduction in [MW07]) which has E = 2.
Since
C2 ∼ 0.14 1
C2
∼ 7.39,
we can apply the main theorem to the catenoid, the Costa and the Scherk surface, obtaining
(1− 0.28)2
2
≤ lim sup
t→∞
(4pit)H(t, x, x) ≤ 1,
for the catenoid and the Scherk singly periodic surface, and
(1− 0.41)2
3
≤ lim sup
t→∞
(4pit)H(t, x, x) ≤ 1,
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for the Costa surface.
As we have shown, there are several examples where the volume growth is related with
the number of ends of the submanifold. In fact, the following theorem allow us to achieve
inequality (1.4) under certain decay of the norm of the second fundamental form and to
give a topological meaning to lim
R→∞
Q(R)
Theorem 1.1 (see theorem 2.2 of [Qin95] and [GP12]). Let Mm be an m−dimensional
complete immersed minimal submanifold in Rn which satisfies
(1.8) lim
R→∞
sup
x∈Mm
r(x)≥R
r(x)‖A‖(x) = 0,
where A denotes the second fundamental form. Then, the number of ends E (Mm) of Mm
is given by:
(1.9) lim
R→∞
Q(R) = E(Mm)
provided either of the following two conditions is satisfied:
(1) m = 2, n = 3 and each end of Mm is embedded.
(2) m ≥ 3.
Hence, we can state the following corollary showing the relation between the number of
ends and the lower bound for the heat kernel under the assumptions of the above theorem
(see introduction of [GSC09] for a complete overview on the two sides estimates for the
heat kernel on manifolds with ends):
Corollary 1.2. Let Mm be an m−dimensional complete immersed minimal submanifold
in Rn which satisfies
(1.10) lim
R→∞
sup
x∈Mm
r(x)≥R
r(x)‖A‖(x) = 0,
and
(1) if m = 2 and n = 3, each end of Mm is embedded. Or,
(2) m ≥ 3.
Then, if the number of ends E(Mm) of Mm is bounded from above by
(1.11) E(Mm) < 1
Cm
,
the heat kernelH of Mm satisfies
(1.12)
(1− E(Mm)Cm)2
E(Mm) ≤ lim supt→∞ (4pit)
m
2 H(t, x, x) ≤ 1.
If M2 is a minimal surface in R3, by the Gauss formula the second fundamental form
is related with the Gaussian curvature KG of M2 by
(1.13) KG = −1
2
|A|2,
in view of [MPR13, theorem 1.2] it seems that in the particular case of complete embedded
minimal surfaces in R3 if there exists a constant C such that |KG|R2 ≤ C, then:
|KG|R2 ≤ C →
∫
M2
|KG| <∞→ lim
R→∞
sup
x∈Mm
r(x)≥R
r(x)|A|(x) = 0.
Hence, the condition given in equation (1.10) in the above corollary can be replaced in the
particular case of complete embedded minimal surfaces in R3 by
|KG|R2 ≤ C.
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Recall also that a particular case when equality (1.10) holds is (see [Qin95]) when∫
Mm
|A|mdV <∞
i.e,. when the submanifold has finite scalar curvature (see also [And84]).
Let us finally remark that
Remark a. Given a manifold Mn with non-negative Ricci curvature Rc > 0, Bishop-
Gromov volume comparison theorem asserts that for any o ∈ Mn the relative volume
quotient
Vol(BM
n
R (o))
ωnRn
is non-increasing in the radius R (being BM
n
R (o) the geodesic
ball of radius R centered at o). The relative volume quotient converges to a non-negative
number Θ:
lim
R→∞
Vol(BM
n
R (o))
ωnRn
= Θ ≥ 0.
If Θ > 0, one says that the manifold Mn has maximal volume growth.
P. Li proved in [Li86] (see also [Xu13]) that if Mn has Rc > 0 and maximal volume
growth, then
(1.14) lim
t→∞Vol
(
BM
n√
t
(y)
)
H (t, x, y) = ωn (4pi)−
n
2 .
Therefore
(1.15) lim
t→∞ (4pit)
n
2 H(t, x, y) = 1
Θ
.
In some sense, our main theorem can be understood (partially) as a reverse of the Li’s
theorem because at least on dimension 2, by the Gauss formula (equation (1.13)), a sub-
manifold properly and minimally immersed in a Cartan-Hadamard ambient manifold has
non-positive sectional curvature (instead of Rc > 0) and because, by the monotonicity
formula, the extrinsic quotient given in equation (1.3) is non-decreasing (instead of non-
increasing like the relative volume quotient).
Despite of the weakness of the inequalities (1.7) in comparison to equality (1.15) ob-
serve, however, that a non-negatively Ricci-curved manifold with maximal volume growth
must have finite fundamental group (see [Li86]) but that is not true for minimal subman-
ifolds of a Cartan-Hadamard with polynomial volume growth (see for instance the singly
periodic Scherk surface (figure 1)).
The most well known examples of heat kernels of minimal submanifolds Mm in the
Euclidean space Rn are when Mm is a totally geodesic submanifold Rm in Rn. Observe
that in that case E = 1 if Cm were 0 the inequality (1.7) would be an exact equality.
Therefore, it is a natural question to ask the following open question
Open question. Is it possible to improve the main theorem changing Cm by 0?
The structure of the paper is as follows
In §2 we recall the definition and several properties of the heat kernel on a Riemann-
ian manifold and provide proposition 2.1 which states that every complete minimal sub-
manifold with polynomial volume growth is stochastically complete. With those previous
requirements we can, in §3, to prove the main theorem.
2. PRELIMINARIES
Let M be a Riemannian manifold with (possibly empty) smooth boundary ∂M , and
denote by ∆ the Laplacian on M . The heat kernel on M is a function H(t, x, y) on
(0,∞)×M ×M which is the minimal positive fundamental solution to the heat equation
(2.1)
∂v
∂t
= ∆v .
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In other words, the Cauchy problem with Dirichlet boundary conditions
(2.2)

∂v
∂t
= ∆v ,
v|t=0 = v0(x) ,
has a solution
(2.3) v(x, t) =
∫
M
H(t, x, y)v0(y)dµy ,
provided that v0 is a bounded continuous positive function. Moreover the heat kernel has
the following properties:
(1) Symmetry in x, y that isH(t, x, y) = H(t, y, x).
(2) The semigroup identity: for any s ∈ (0, t)
(2.4) H(t, x, y) =
∫
M
H(s, x, z)H(t− s, z, y)dV(z).
(3) For all t > 0 and x ∈M ,
(2.5)
∫
M
H(t, x, y)dV(y) ≤ 1.
IfM is the Euclidean space Rn then, due to the homogeneity and isotropy of the Euclidean
space, the heat kernelHn,0(t, x, y) depends only on t and ρ(x, y) = dist(x, y), and is given
by the classical formula
(2.6) Hn,0(t, ρ(x, y)) = 1
(4pit)
n
2
e−
ρ2(x,y)
4t .
A manifold M satisfying for all x ∈M and all t > 0
(2.7)
∫
M
H(t, x, y)dV(y) = 1,
is said to be stochastically complete.
In the following proposition is proved that a complete submanifold of polynomial vol-
ume growth is stochastically complete
Proposition 2.1. Let Mm be a m-dimensional complete minimal submanifold properly
immersed in a Cartan-Hadamard ambient manifold. Suppose that Mm is of polynomial
volume growth, then Mm is stochastically complete
Proof. Since Mm has polynomial volume growth by equation (1.4), for any o ∈ M and
any R ∈ R+ we have
(2.8) Vol(Mm ∩BNR (o)) ≤ EωmRm.
But since the geodesic ball BM
m
R (o) of radius R in M
m is a subset of the extrinsic ball
Mm ∩BNR (o), one obtains that
(2.9)
∫ ∞ rdr
log (Vol(BMmr (o)))
≥
∫ ∞ rdr
log (Vol(Mm ∩BNr (o)))
≥
∫ ∞ rdr
log (Eωmrm) =∞.
Hence, by [Gri99, theorem 9.1] Mm is stochastically complete. 
Finally in order to conclude this preliminary section let us recall here the coarea formula
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Theorem 2.2 (Coarea formula, see [Sak96, Cha84]). Let f be a proper C∞ function de-
fined on a Riemannian manifold (Mn, g). Now we set
(2.10)
Ωt := {p ∈M ; f(p) < t} , Vt := Vol(Ωt),
Γt := {p ∈M ; f(p) = t} , At := Voln−1(Γt).
Then for an integrable function u on Mn the following hold:
(1) Let gt be the induced metric on Γt from g. Then
(2.11)
∫
Mn
u|∇f |dνg =
∫ ∞
−∞
dt
∫
Γt
udνgt .
(2) t→ Vt is of class C∞ at a regular value t of f such that Vt < +∞, and
(2.12)
d
dt
Vt =
∫
Γt
1
|∇f |dνgt .
3. PROOF OF THE MAIN THEOREM
First of all, let us denote by DR(x) the extrinsic ball of radius R cantered at x, i.e.,
DR(x) := M
m ∩BNR (x),
therefore Q(R) is given by
Q(R) = Vol(DR(x))
ωmRm
.
Note that DR(x) is the sublevel set of the extrinsic distance function rx:
(3.1) DR(x) = {p ∈Mm; rx(p) < R} .
Making use of the upper bounds for the heat kernel (equation 1.2) and the semigroup
property of the heat kernel (equation 2.4)
(3.2)
1 ≥ (4pit)m2 H(t, x, x) = (4pit)m2
∫
Mm
H(t/2, x, y)2dV(y)
≥ (4pit)m2
∫
DR(x)
H(t/2, x, y)2dV(y),
for any extrinsic ball DR(x). Applying now the Cauchy–Schwarz inequality
(3.3) 1 ≥ (4pit)m2 H(t, x, x) ≥ (4pit)m2
(∫
DR(x)
H(t/2, x, y)dV(y)
)2
Vol(DR(x))
,
Since by proposition 2.1 Mm is stochastically complete
(3.4) 1 ≥ (4pit)m2 H(t, x, x) ≥ (4pit)m2
(
1− ∫
Mm\DR(x)H(t/2, x, y)dV(y)
)2
Vol(DR(x))
,
Applying the polynomial volume growth property
(3.5)
1 ≥ (4pit)m2 H(t, x, x) ≥ (4pit)m2
(
1− ∫
Mm\DR(x)H(t/2, x, y)dV(y)
)2
EωmRm ,
for all R > 0. If we choose
(3.6) R = Rt :=
(4pi)
1
2
ω
1
m
m
t
1
2 = 2
[m
2
Γ
(m
2
)] 1
m
t
1
2 ,
we obtain
(3.7)
1 ≥ (4pit)m2 H(t, x, x) ≥
(
1− ∫
Mm\DRt (x)H(t/2, x, y)dV(y)
)2
E ,
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We need now the following proposition
Proposition 3.1. Suppose that
lim
R→∞
Q(R) = E
then
(3.8)
∫
Mm\DRt (x)
H(t/2, x, y)dV(y) ≤ E (Cm + δ(t)) ,
being δ a smooth function with δ → 0 when t→∞.
Proof. By inequality (1.1)
(3.9)
∫
Mm\DRt (x)
H(t/2, x, y)dV(y) ≤
∫
Mm\DRt (x)
Hm,0(t/2, rx(y))dV(y)
by coarea formula (theorem 2.2)
(3.10)
∫
Mm\DRt (x)
H(t/2, x, y)dV(y) ≤
∫ ∞
Rt
∫
∂DS(x)
Hm,0(t/2, rx(y))
|∇rx| dVs(y)ds
≤
∫ ∞
Rt
Hm,0(t/2, s) (Vol(Ds(x))′ ds.
The derivative
d
dR
Vol(DR(o)) = (Vol(DR))
′ satisfies
(3.11) (Vol(DR))
′
= mωmQ(R)Rm−1 + ωmRmQ(R) (log(Q(R))′ .
Therefore,
(3.12)
∫
Mm\DRt (x)
H(t/2, x, y)dV(y) ≤
ωm
(2pit)
m
2
∫ ∞
Rt
e−
s2
2t
[
mQ(s)sm−1 + smQ(s) (log(Q(s))′] ds ≤
ωmE
(2pit)
m
2
∫ ∞
Rt
e−
s2
2t
[
msm−1 + sm (log(Q(s))′] ds ≤
ωmE
(2pit)
m
2
[∫ ∞
Rt
me−
s2
2t sm−1ds+
(
sup
s∈[0,∞)
e−
s2
2t sm
)
log
( E
Q(Rt)
)]
=
ωmE
(2pi)
m
2
[
m2
m
2 −1Γ(
m
2
,
Rt
2
2t
) + e−
m
2 m
m
2 log
( E
Q(Rt)
)]
.
Taking into account the definition of Rt (equation (3.6)) and that ωm =
2pi
m
2
mΓ(m2 )
,
(3.13)
∫
Mm\DRt (x)
H(t/2, x, y)dV(y) ≤ E [Cm + δ(t)] ,
where
δ(t) :=
e−
m
2 (m2 )
m
2 −1
Γ(m2 )
log
 E
Q
(
2
(
m
2 Γ
(
m
2
)) 1
m t
1
2
)
 .
Making use that Q(s) = E when s→∞ the proposition is proven. 
Hence for t large enough we can apply the above proposition in equation (3.7)
(3.14) 1 ≥ (4pit)m2 H(t, x, x) ≥ [1− E (Cm + δ(t))]
2
E .
Therefore, taking limits the theorem follows.
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